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Abstract 

In this paper, we establish the sharp criteria for the nonexistence of 
positive solutions to the Hardy-Littlewood-Sobolev (HLS) type system of 
nonlinear equations and the corresponding nonlinear differential systems 
of Lane-Emden type equations. These nonexistence results, known as 
Liouville type theorems, are fundamental in PDE theory and applications. 
A special iteration scheme, a new shooting method and some Pohozaev 
type identities in integral form as well as in differential form are created. 
Combining these new techniques with some observations and some critical 
asymptotic analysis, we establish the sharp criteria of Liouville type for 
our systems of nonlinear equations. Similar results are also derived for 
the system of Wolff type integral equations and the system of 7-Laplace 
equations. A dichotomy description in terms of existence and nonexistence 
for solutions with finite energy is also obtained. 
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1 Introduction 

In this paper, we establish sharp criteria for existence and nonexistence of posi- 
tive solutions to the Hardy-Littlewood-Sobolev (HLS) system of nonfinear equa- 
tions 

u(x) ^ I ^'(^^^^ 

f uP{y)dy ^'■'> 
v[x) ~ ' 



IR 

and the corresponding nonlinear differential systems of Lane-Emden type equa- 
tions 

(-A)''ii = v'', u,v > 0, 
{-A)''v = uP, 35,(7 > 0. 



These systems are the 'blow up' equations for a large class of systems of nonlin- 
ear equations arising from geometric analysis, fluid dynamics, and other physical 
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sciences. The nonexistence of positive solutions for systems of 'blow up' type 
like and (11.21) . known as Liouville type theorem, is useful in deriving exis- 
tence, a priori estimate, regularity and asymptotic analysis of solutions. Another 
important topic is the study of the Wolff type system of nonlinear equations: 

u{x) = VK/5,^(w«)(a;) , . 

v{x) = Wp,,{uP){x), 

and the corresponding system of 7-Laplace equations 



-A^u{x) = vi{x), X e i?", 
-A^v{x) = uP{x), X e i?". 



(1.4) 



Recall a Liouville-type theorem for the Lane-Emden equation 

-Au = uP, in i?" [n > 3) (1.5) 

obtained by Caffarelli, Gidas and Spruck [1 : if p e (0, ^^zf), then (jl.Sp has no 
positive classical solution. When p > ^z^, (jl.Sp has positive classical solution. 
Namely, the right end point is a sharp criterion distinguishing the exis- 
tence and the nonexistence. Numbers like this, separating the existence and the 
nonexistence, are called the critical exponents. 

In the following theorem, we obtain the sharp criteria on the existence and 
the nonexistence of solutions to (jl.2[) : 

Theorem 1.1. Assume k e [1, ^) is an integer. 

(1) The 2k-order equation 

{-A)''u{x) = uP{x), X e i?" (1.6) 

has positive solutions if and only if p > • 

(2) The 2k-order system U.2]} has a pair of positive solutions (u, v) if + 

1 ^ n-2k 



Remark 1.1. 

1. When fc = 1, the first result is coincident with the result in [T]. 

2. Part 2 of our Theorem [T3] together with the nonexistence result of Souplet 
[48] imply that: for n < 4, (|1.2p has a pair of solutions if and only if 

1 _| ]_ ^ n~2k 

p+1 q+1 — n ■ 

3. For k = 1, the nonexistence of solutions to (|1.2p . known as the Lane- 
Emden conjecture, is still open for n > 5 (cf. [IS]). In the non-subcritical 
case, i.e. + < (|1.2[) with k = 1 has the positive solutions (cf. 

m)- 
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Next, we consider the HLS type system of nonlinear equations (ll.ip and its 
scalar case v = u, q — p: 

T^WL- (1.7) 



Such equations are related to the study of the best constant of Hardy- 
Littlewood-Soblev (HLS) inequality. Lieb [S^ classified all the extremal solu- 
tions of (ll.7p . and thus obtained the best constant in the HLS inequalities. He 
posed the classification of all the solutions of (|1.7I) as an open problem. 

The corresponding PDE is the semilinear equation involving a fractional 
order differential operator 

(-A)"/2u = u("+"^/("-"), u>0, ini?". (1.8) 

The classification of the solutions of (|1.8p with a = 2 has provided an important 
ingredient in the study of the prescribing scalar curvature problem. It is also 
essential in deriving priori estimates in many related nonlinear elliptic equations. 
It was well studied by Gidas, Ni, and Nirenberg [14 . They proved that all the 
positive solutions with reasonable behavior at infinity, namely 

"(^) = 0(^) (1.9) 

are radially symmetric about some point. Caffarelli, Gidas, and Spruck removed 
the decay condition (|1.9p and obtained the same result (cf. [I]). Then Chen 
and Li [S], and Li [35] simplified their proofs. Later, Chang, Yang and Lin 
also considered some higher order equations (cf. [3], [SS]). Wei and Xu [SD] 
generalized this result to the solutions of more general equation (|1.8p with a 
being any even numbers between and n. Chen, Li, and Ou solved the open 
problem as stated for the integral equation (II. 7p or the corresponding PDE (|1.8p 
in [11) . The unique class of solutions can assume the form 

.W=c(^)^. (1.10) 

Other related work can be seen in [31] and [32j . 

Chen, Li and Ou [10] introduced the method of moving planes in integral 
forms to study the symmetry of the solutions for the HLS type system (|1.1|) . 
Jin-Li and Hang thoroughly discussed the regularity of the solutions of (|l.ip (cf. 
[T8] and [13). They found the optimal integrability intervals and established 
the smoothness for the integrable solutions. Based on the results, gave the 
asymptotic behavior of the integrable solutions when |x| — >■ and \x\ — > oo. 
Some Liouville type results can be seen in [2] and [5]. 

Another significance of the work [TIT is the equivalence of the integral equa- 
tions and the PDEs involving the fractional order differential operator. Re- 
cently, the fractional Laplacians were applied extensively to describe various 
physical and finance phenomena, such as anomalous diffusion, turbulence and 
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water waves, molecular dynaraics, relativistic quantum mechanics, and stable 
Levy process. The equivalence provides a technique in studying the PDEs: one 
can use the corresponding integral equations to investigate the global properties 
for those phenomena. 

A positive solution u of (|1.7p is called a. finite energy solution, if u e LP+^(i?"). 
Similarly, positive solutions u,v are called finite energy solutions of (jl.ip . if 
u S U''^^{R^), V G L'^+^(i?"). Now, we point out the relation between the 
critical conditions and the existence of finite energy solutions of (|1.7p and (|l.ip . 

Theorem 1.2. (1) The HLS type integral equation |J.7| ) has positive solutions 
in LP+^{R") if and only if 

n + a , , 

P= . 1.11 

n ~ a 

(2) The system hl.l]) has a pair of positive solutions {u,v) in LP~^^{R") x 
11+^ {R") if and only if 

' (1.12) 



p + 1 9 + 1 n 

Corollary 1.3. Let k G [l,n/2) he an integer. 

(1) Assume p > \. The 2k-order PDE lll.6\) has positive solutions in 
lP+i(^Jin^ if and only if 

n + 2k , , 

'=^k- ^'-''^ 

(2) Assume pq > 1. System ll.2\) has a pair of positive solutions {u,v) in 
LP+^{R"-) X Li+^R"") if and only if 

^ + ^ = !^. (1.14) 



Remark 1.2. 

1. In the subcritical case p < Theorem 3 in [9] shows that (|1.7p has no 
locally finite energy solution by using the method of moving planes and 
the Kelvin transformation. For system (|l.ip . the proof of nonexistence 
in the subcritical case + > ^1=^ is rather difficult. It is usually 
called the HLS conjecture (cf. [2] and [6]). Partial results are known. 

(i) If P < j^T-^ oi q < (jl.ip has no any positive solution. In addition, 
if p = 1 or g = 1 , then (|l .ip has no any positive solution. If the subcritical 
condition + > holds, then (|1.2p with fc = 1 has no locally 

bounded positive solution (u, v) in LP^ (^") xi''^ (-R"), where pi = -^^^p^y-, 

(ii) If a e [2,rt), (jl.ip has no any radial positive solution (cf. 2 ). If 
p<? > 1, (|1.2p has no any radial positive solution (cf. [37 ). 
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2. In the supercritical case p > ^^^3^ with a — 2, Li, Ni and Serrin proved 
the semihnear Lane-Emden equation (11.51) has the decay solution (cf. [32] , 
[40] and [42]). According to Corollary 11.31 the energy of those solutions 
u are infinite. Namely, ||u||p+i — 00. Similarly, the positive solutions u,v 
obtained in [46] when + < are not the finite energy solutions 
(i.e. = ||?^||g+i = 00). 

3. Theorem 1 1 . 21 shows that the critical conditions are the sufficient and nec- 
essary conditions of existences of the finite energy solutions for the HLS 
type integral equation and the system. On the other hand, if the crit- 
ical conditions hold, we want to know whether all the positive classical 
solutions u,v are finite energy solutions. Namely, ||u||p+i, ||u||q+i < 00. 
For the scalar equation (|1.7p with the critical case p = ^^3^ , (|1.10p is the 
unique class of finite energy solutions of (|1.7p (cf. [H]). For system (|l.ip . 
it is still open. 

The following 7-Laplace equation is also concerned in this paper 

--A^u{x) ~div{\Vu\'>-^Vu) = uP(a;), x G R'\ (1.15) 

Theorem 1.4. The j-Laplace equation U.15\) has positive classical solutions 
with /jj„ jVupda; < go if and only if p = 7* — 1, where 7* — 

Remark 1.3. Serrin and Zou [IJ proved (|1.15p has the classical solution u if 
and only if p > 7* — 1. Furthermore, Theorem 11.41 shows that u is also a finite 
energy solution (i.e. Vu G L^(i?"), see Theorem 14. 7|) if p = 7* — 1, and u is a 
infinite energy solution if p > 7* — 1. 

To study the 7-Laplace equations, we introduce the Wolff potential of a 
positive locally integrable function / 



WpMf){^) ■■= 




The integral equation involving the Wolff potential 

u{x) = c{x)Wfi,^iuP){x) (1.16) 

is related with the study of many nonlinear problems. The Wolff potentials 
are helpful to understand the nonlinear PDEs such as the 7-Laplace equation 
and the fc-Hessian equation (cf. [23], [25], [26] and [44]). According to [21], 
if inffli. u = 0, there exists C > such that the positive solution u of Ijl.lSp 
satisfies 

^Wi,^{uP){x) < u{x) < CWi^^{uP){x), X G i?". 

Thus, u solves (|1.16l) for some double bounded c{x). Here, a function c{x) is 
called double bounded, if there exists a positive constant C > such that 

^ < c{x) < C, V a; G i?". 
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For the coupling system 



r u{x)^Wp,^{v''){x) 
\ v{x) = Wp^^{uP){x), 

Chen and Li [7] proved the radial symmetry for the integrable solutions. Af- 
terward, Ma, Chen and Li [38] used the regularity lifting lemmas to obtain the 
optimal integrability and the Lipschitz continuity. Based on these results, [24] 
obtained the decay rates of the integrable solutions when |a;| — )> oo. 

The critical exponents and the critical conditions play a key role under the 
scaling transform. In the following, some interesting observations are listed. 

Under the scaling transform Uf^{x) = ijfu{fix), 

(1) the HLS equation |j. 7] ) and the energy [|u||p+i are invariant if and only 

AC „ _ n+a . 

VP— n-a ' 

(2) the Wolff equation 

u{x) = W0.^{vP){x) (L17) 

and the energy ||ii|jp_|_^_i are invariant if and only if p ~ H'tpl^ il ^1)/ ( [-?■ JTj i 
and the energy are invariant if and only if p — j* ^ I with 7* = ^"^^ ; 

(3) the ^-Laplace equation il.l5\) and the energy |ju||p+^_i are invariant if 
and only if p ~ 7^-^(7 ~ 1);' (QI23i and the energy are invariant if and 
only i/p = 7* — 1 with 7* — 

(4) the HLS system and ||u||p-|_i, ||w||q+i are invariant if and only if 

1 I 1 n—a . 

p+1 q+1 ~ n ' 

(5) the Wolff system hl.S^) and ||M||p+-y_i, are invariant if and only 
if p+\^i + q+]-i = 1) ; mM and ||-u||p+i, ||w||g+i are invariant if and only 
ifP^q orj^ 2; 

(6) the j-Laplace system (|j.^[ ) and ||7i||p_|-^_i, ||u||g+-y_i are invariant if and 
only if + = n'i-^-i) ' (L^ "''^^ ll"llp+i; \\v\\q+i are invariant if and 
only if p — q or j — 2. 

Remark 1.4. Here an interesting observation is, the critical exponent ^^^3^ (7— 
1) is different from the divided exponent 7* — 1 in Thcorcm ll .4l except 7 = 2. The 
reason is that those critical numbers are in the different finite energy functions 
classes LP+T-i(i?") and LP+^i?"), respectively. 

Next, we are concerned with the sufficient and necessary conditions for the 
existence of the positive solutions of equations and systems with some double 
bounded coefficients. Here, new divided numbers and conditions appear. 

Theorem 1.5. (1) The equation 

nix) = c{x) [ j^^^^^ (1.18) 
has positive solutions for some double bounded c{x) if and only if p > i^^zt^- 
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(2) The HLS system 



uix) — cAx) , 

fi" F ~ V\ n 1 Q") 

has positive solutions u,v for some double bounded Ci{x) and C2{x), if and only 
ifpq > 1 and max{^^^, ^frri <n~ a. 

Corollary 1.6. Let k G [l,n/2) be an integer. 

(1) Assume p > \. The 2k-order PDE 

{-A)''u{x) = cix)uPix), X e i?", (1.20) 

has positive solutions for some double bounded c{x) if and only if p > ^^2k • 

(2) Assume pq > 1. The system 



{-A)''u{x) = ci{x)v'i{x) 
l-A)''v{x) = C2{x)uP{x) 



fe.,^.^ _ (1-21) 



has positive solutions u,v for some double bounded Ci{x) and C2{x), if and only 
,/n,ax{^M£+l),HM£+l)}<„_2A;. 

Theorem 1.7. (1) The equation \1.16\) 

u{x) = c{x)Wp^^{uP){x) 

has positive solutions for some double bounded c{x), if and only if 

n — p7 

(2) The system 

u{x) = ci{x)Wp,^iv''){x) , . 

vix) = C2ix)Wp,^iuP)ix). ^^■^^> 

has positive solutions u,v for some double bounded Ci{x) and C2{x), if and only 
if pq > (7 — 1)^ and 

/37(p + 7 - 1) (3j{q + 7-1) n - /J7 

^^^^ / — T^2' ? — T\2f < r- 

pq - [J - ly pq-(n -ly 7-1 

Corollary 1.8. (1) Ifp> then 

-A^u{x) = c{x)uP{x), a; e i?" (1.23) 

has positive solutions for some double bounded c{x). IfO<p< ^^7^3-^, then for 
any double bounded c{x), U.23\) has no positive solution satisfying infj^n u — 0. 
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(2) Ifpq > (7 - 1)^ and niax{^J^±I^, < then there exist 

positive solutions u, v of the j-Laplace system 

-~A^u{x) = ci{x)v'^{x), X G i?", , . 

-A^vix) = ciix)uPix), X € i?" ^ ' 

for some double bounded Ci{x) and C2{x). On the contrary, for any double 
bounded functions ci{x) and C2{x), if one of the following conditions holds 

(l)0<pq<h-l)^- 

(a) pq > — 1)^ and 

r 7(9 + 7-1) 7b + 7-l).^"-7 
maxj -2 , --2 } > -■ 

pq~ h- 1) - (7 - 1) 7-1 

Then {1.24^ has no positive solutions u, v satisfying inf flu u = inf/jn v = 0. 

Remark 1.5. Comparing with Theorem 11.21 -Theorein [L^ we obtain, from 
Theorem 11.51 -CoroUarv II. 8[ other divided conditions on the existence of the 
positive solutions of the equations and systems with ratio coefficients c{x), ci{x) 
and C2 (x) . These divided conditions are caUed the secondary critical conditions. 
The secondary critical conditions are more relaxed than those in Theorem 11.21 
-Theorem 11.41 because the solutions classes of the equations and systems with 
ratio coefficients are larger than that in the case of c{x) = Constant. 

In the proofs of Theorem 11.51 -Corollarv II. 8[ we apply a special iteration 
scheme and some critical asymptotic analysis to establish the existence and the 
nonexistence, and hence obtain the sharp criteria. 

The contents of this paper are as follows. In Section 2, we prove Theorem ll.51 
(1), Corollary [HKl), TheoremO(l) and Corollary [H] (1). Theorem O (2), 
Corollary 11.61 (2). Theorem 11.71 (2) and Corollary 11.81 (2) are proved in Section 
3. In Section 4.2, we prove (1) of Theorem 11.21 which covers (1) of Corollary 
11.31 The proof of of Theorem 11.41 is given in Section 4.3. In Section 5, we give 
the proofs of (2) of Theorem 11.21 and (2) of Corollary 11.31 The argument on 
Theorem II .11 is given in Sections 6 (see Remark 6.1). 

2 Equations with variable coefficients 

The following proposition is often used in this paper. 

Proposition 2.1. If w £ L^{R" ), then we can find Rj 00 such that 

Rj / \w\ds and R'J / \w\ds 0. 

JdBR.{0) JS"-i 

Here S"-^ ^ dBi{0). 
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Proof. In view of ||u'[|ii(i^n) < oo, it follows from the definition of the improper 
integral that 



Hence, as i? oo, 



lim / |u;|c?2: = 0. 

B2h(0)\-Bh(0) 



inf (r / \w\ds) -> and inf (r" / \w\ds) 0. 
There exist Rj £ [R, 2R], such that as Rj oo, 

Rj / \w\ds and R] / \w\ds 0. 



□ 



2.1 HLS type integral equation 

In this subsection, we give a relation between the exponents and the existence 
of positive solutions for integral equations involving the Riesz potentials. First 
we consider the semilinear Lane-Emden type equations 

-Au{x) = c{x)uP{x), X e R". (2.1) 

Theorem 2.2. Let p > I. Then h2.1\) has a positive solution for some double 
hounded c{x), if and only if p > 

Proof. Step 1. If p > we claim that (|2.ip has the special solution as follows 

where 9 > will be determined later. 

Denote by r, and set U{r) = U{\x\) = u{x). By a simply calculation, we 
obtain 

n~l 29 (n-2- 2e)r^ +n , , 

= -Urr ^ (^TT^ ^ TTT^ ' ^^'^^ 

Take 9 Then n - 2 - 26* > and 

Namely, (|2.2p with the slow rate 29 = is a solution for some double bounded 
c(r). 
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Moreover, ii p = ^35, there also exists a fast decaying solution with rate 
20 = n-2. Now, 

-A. = = - ^(-)-^- 

Namely, (|2.2p with the fast rate 26* = n — 2 is a solution for some double bounded 
c(r). 

Step 2. We prove (|2.ip has no positive solution when 1 < p < 
Otherwise, let u be a positive solution. Take xo E i?" and denote -B_r(xo) 
by B. Let 

where < c_r — > c, G (0, 00) as i? — 00. Then, solves 

-A(t){x) = S{x), X e B, 
(/> = 0, on dB. 

Here (5 is a Dirac function at xq. Then, 



c{x)u^ {x)(t){x)dx — — (pAudx ~ / VuVcjydx 

B J B J B 

ud^(j)ds ~ / uAcpdx = / udi,(l)ds + u{xo) . 

Jb JdB 



(2.4) 



Here v is the unit outward normal vector on dB. Noting d^cf) < 0, we have 

vP4>dx < cu{xo) < 00. 



B 



Let i? — i> 00, there holds 

uP{y)dy 



fl„ 1^0 - 2/|"-2 



< 00. 



According to Proposition 12.11 there exists Rj ^ 00 (we still denote it by R) 
such that 

rI ^^^^0. 



IdB ^ 

Thus, noting p > 1, we can use the Holder inequality to deduce that 



when i? — > 00. Let i? ^ cxo in (|2.4p . then 

c(y)uP(y)d2/ 



■u(a:o) = c 
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Write w{x) = c^^'p{x)u{x), then w solves the integral equation involving the 
Newton potential 



However, this integral equation has no positive solution for any double bounded 
c when < p < The proof is a special case of the corresponding proof 

of Theorem 12.31 which handles a more general integral equation involving the 
Riesz potential. □ 

Theorem 2.3. The HLS type integral equation 

ui^) = ci.)f (2.5) 

Jr^ \x - yr 

has a positive solution for some double bounded c{x), if and only if 

p>^^. (2.6) 

n — a 

Proof. When \x\ < 2R for some R > 0, u{x) is proportional to J'^„ \x — 
y\°'^'^uP{y)dy. Thus, we only consider the case of > 2R. 

Step 1. Inserting p.2|) into the right hand side of ()2.5p . we can find some 
double bounded function c{x) such that as \x\ > 2R for some R > 0, 

uP{y)dy c{x) f dy 



R" 



\x - (1 + |a;|2)(«-)/2 f^^^^,^ (1 + |y|2)Pfl 

c(x) /■ dy 



(i + |x|2)pe 

dy 



+c{x) 



If p > we take 29 = and hence a < 2p6 < n. Then, 
uP{y)dy 



- . . c(x) / r" 

(l + |a;P)("-")/2 (1 + |a;|2)pe-a/2 ^ V|x|/2 

cjx) / ^ / X 

= 7 : — T^TT-Z TTT = C[X)U(X) 

for some double bounded function c{x). This result shows that (|2.5p has the 
slowly decaying radial solution as (j2.2p . 

Moreover, we can also find a fast decaying solution. Now, take 29 = n — a, 
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then 2p9 > n as long as p > Thus, 



^(2;) , c{x) ^ ^^^^ f°° ^n-{n-a+2pe)^ 



(1 + |a;|2)("-")/2 ' (l + |x|2)pe-«/2 ^ 
— -, : — 4t7 w^T — c(x)u(x) 

for some double bounded function c{x). 

Step 2. We prove (|2.5p has no positive solution when < p < 

Suppose It is a positive solution, then it follows a contradiction. In fact, when 

\x\ > RwithR > 0, \x—y\ < 2\x\ for y G Bb.{0). In addition, /g^j-Q) '^^{y)dy > c. 

Hence, 



u{x) > c|a;|"-" / uP{y)dy > for \x\ > R. 



\x\°-o 



Here = n — a. Using this estimate, for |a;| > R we also get 
f \y\-'P''°dy c c 

U[X] > C ; > 



By induction, we can obtain 

"(a;) > r-r^, /or |a::| > R, 
\x\^ 

where j = 0, 1, ■ • • , and 

ttj = paj^i — a. 

In view of < p < — we claim that {aj} is decreasing. In fact, ai — qq = 
(p — l)ao — a — {p — l){n — a) — a < 0. Suppose au < ak^i for fc = 1, 2, • • • , j, 
then 

flj+i — aj = {p — l)aj — a < {p — l)ao — a — {p — l)(n — a) — a < 0. 

This induction shows our claim. 

Next we claim that there exists Jq such that 

< 0. (2.7) 

Once it is verified, then 

f \y\-P''^"dy 

U(X) > C ; = 00. 

It is impossible. 

Proof of (K]^. In fact, 

ttj = puj-i — a = p{paj^2 — a) — a = ■ ■ ■ 

= p>ao - a{p>-^ +p>-'^ H hp + 1). 
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WhenpG (1,;^), 

— 1 a 

■ = (n — a 

1 ^ p-l 



j ~ p' {n — a) — a — = {n — a -)p-' + 



By virtue oi p < n — a ~ < 0, we can find a suitably large jo such 



that a jo < 0. 



When p — 1, aj = — aj. Thus, Cj,, < for sonic suitably large jo- 
When p e (0, 1), let j -J> oo. Then 



aj = p' qq — a— > < U. 



l-p3 

1 — p 1 — P 

This implies aj,, < for some jo- 
Thus, (P?7)) is verified. 

Step 3. We prove (|2.5|) has no positive solution when p — ■:^^zt^- 
Otherwise, it is a positive solution. For i? > 0, denote i3_R(0) by B. From 
([23]) it follows that 

^(^)>(^^^/^"''(.)^.. (2.8) 
Thus, taking p powers of (|2.8p and integrating on B, we have 



>c{ uP{y)dy)P. 



(2.9) 



Here c is independent of R. Letting R oo, we see u £ LP{R"). 

Taking p powers of (|2.8p and integrating on Ar :— B2r{0) \ -Bi?,(0), we get 

n''ix)dx> I _^^(/ uP{y)dyf>c{[ uP{y)dyY. 



I A,, {R+\x\) 
Letting i? oo, and noting u e LP{R"), we obtain 



u^{y)dy = 0, 

which contradicts with u > 0. □ 

Corollary 2.4. Assume k G [l,n/2) and p > 1. T/ie higher order semilinear 
PDE 

(-A)'=u(a;) = c{x)uP{x), x £ i?", (2.10) 

has a positive solution for some double bounded c(x), if and only if p > j^^2k • 

Proof. If u > solves the integral equation (12.51) with a — 2k, it is easy to see 
that u also solves the higher order semilinear PDE (|2.10p . On the contrary, if 
p> 1 and u solves (P?TU| . {57] proved (-A)'u > for i = 1, 2, • ■ • , fc - 1. Similar 
to the argument in [TT], (|2.10p is equivalent to (|2.5p with a = 2fc. Therefore, 
if p > 1, Theorem 12.31 shows that (|2.10p has positive solutions for some double 
bounded function c(x), if and only if p > ^^^^ . □ 
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2.2 Integral equation involving the Wolff potential 

Theorem 2.5. The Wolff type integral equation 

u{x) = c(x)W^/5,^(uP)(x) (2.11) 
has a positive solution for some double bounded c{x), if and only if 

n{j - 1) 



P> 



n — 



Proof. Step 1. Existence. 

Inserting (|2.2p into py^,-y(u^)(a;), we obtain 

p\x\/2 />CXD /• J T I 

w,,,{un{x)^{ + )[/ jy^.^ tp^-n^^:=h+h. 

Jo J\x\/2 JBt(x) (1 + \v\ r t 

When |a;| < R for some R > 0, then u is proportional to W^_^(u*'). So we 
also only consider suitably large \x\. 
Clearly, 



= c(l + |a;p) ---1 / i^-i — 
Jo * 

= c(l + \x\^) y-^ \x\ ^-1 = c(l + 2(7-1) . 

Take the slow rate 261 = pJ^^+i - Now, /37 < 2pe < n in view of p > , 
and hence 

' ^ J\x\/2 t"-'' t 

J|i:|/2 r ^' r 

Thus, /i + /2 = c(.T)M(a;) for some double bounded c{x). 

Similarly, we also find a fast decaying solution. In fact, taking 26 — ^^^J^^ , 

we also have 2p0 > n from p > "'^2.'^^ : ^-nd hence 

= C{x) / t = c(x)(l + 

J\x\/2 t 

There also holds h + h = c(x)(l + ^(t-i) ^ c(x)u(a;). 
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Step 2. Nonexistence. 
Substep 2.1. Let 

0<P< ' ■ 2.12 

n — P7 

Suppose that u solves (|2.11l) . then 

, , M-^ dt C , , 

u(x)>c t^^— = _— , (2.13) 
since /g^^Qj uP(ii)dy > c, where oq = By this estimate, we have 



rJe, ,^,{0)\y\ ""'d-y, 1 r , 8. «a ^ 1 

u{x)>c ( )—->c — 



(2.14) 



When ^ e (0, ^^], we have (S-y-pao > 0. Eq. (12.14p impUes u(a;) = oo. 
It is impossible. 

Next, we consider the case G ;iz^)- Now (|2.14l) leads to 



where oi = :^ao - 
Write 

% = ^«j-i-^, J-1,2,--- . (2.15) 
Suppose that aj, < ak-i for fc = 1, 2, • • • , j — 1. By virtue of (I2.12p . it follows 



-y — 1 / J J- 7 — 1 ^7 — 1 ^ 7 — 1 

— (' P _ 1 \ "-ff7 _ /37 _ / rt-/37 \ _ n 
V7-I 7-1 7-1 7-1 



Thus, {%}^o decreasing as long as (I2.12p is true. 

Furthermore, we claim that there must be jo > such that aj^ < 0. This 
leads to u{x) = 00, which contradicts with the fact that u is a positive solution. 

In fact, by ()2.15p we get 

aj ^ [ -)-^ao - IH H h( -)■' -. 

7-I 7-I 7-I 7-I 

If = 1 , then we can find a large jo such that 

^7 

fljo = Oo - jo < 0. 

7-1 
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If ^ G (1, then using oq - < which is imphed by dUSD, 

we can find a large jo such that 



7— 1 p — 7 + 1 p — 7 + 1 

If e (0, 1), letting j cx), we get 

7-1 7-1 p-7 + 1 



< 0. 



Thus, there must be jo such that < 0. 

Substep 2.2. Let p = ■ By the argument of Supstep 2.1, we can assume 

P = "n-~fi^ ^ f here. We deduce the contradiction if u is a positive solution of 

For i? > 0, denote -B_r,(0) by i?;^. By using the Holder inequality, from (|2.1ip 
we deduce that for any x € B^, 

r I uP{y)dydt 

Jo JBt{x) 

Jo JBtix) Jo 

Jo t 
Hence, exchanging the order of the integral variables, we have 

>cR ^^(/ (/ vP{y)dy)dt) — 

Jo Jstix) 

> cR / uP{y){ / dt)dy) — 

Jbr J\x-y\ 

n-fiy f 1 

> cR ( / vF{y)dy)--^ . 
Jb„ 



R/4, 



Therefore, we get 



P{x)>cRP^^i uP{y)dy) — . (2.16) 
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Integrating on and using p = "'^Z^l^ again, we get 



vP{x)dx 



>cRP^ I dx{( uP{y)dy)^ 
>c{ uP{y)dy)^. 

Here c is independent of R. Letting R 00 and noting p > 7 — 1, we have 

uP{x)dx < 00. (2.17) 

Integrating (I2.16P on Aj^ = B^/^ \ Bjifg yields 

uP{x)dx > cRp'^^ / dx{ uP{y)dy)^. 
An Jar Jb^ 



R •'-Oh/4 



Byp= "jlff^^ , it follows 

/ uP(x)dx > c{ vP{y)dy)^ , 

J An 

where c is independent of R. Letting i? — 00, and noting (j2.17p . we obtain 

u^{y)dy = 0, 



which implies m = 0. It is impossible. 

The proof is complete. □ 

Remark 2.1. When /3 = a/2 and 7 = 2, (l2ll|) is reduced to (|2?5l) . Theorem 
5] is the generalization of Theorem [ 



2.3 7-Laplace equation 

Theorem 2.6. (1) If p > j then the ^-Laplace equation 

-A-yU = c{x)uP (2.18) 

has positive solutions for some double bounded c{x). 

(2) IfO < p < "^TZy'^^ ! then for any double bounded function c{x), S2.18\) has 
no any positive solution satisfying inf/^n u — 0. 
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Proof. (1) For u{x) = with m — similar to the derivation of (|2.3p . 

we have 

-A^U = (1 - j)\Ur\''-^Urr - ^\Ur\^-mr 

= '"^t;;::!;.::;;!':"'^ i -n^r ^^-^^ + n - 1 + (7 - i)(m - di 

_ (mg)"'-^ r n+[K-(e+l)7]r'" i 

— (i+r'")<''+i)<T-i) I- l+r" J' 

(2.19) 

Let p > Take m0 = then n > {6 + Therefore, (j^l^ 

imphes 

for some double bounded c(r). This result shows that ()2.18p has a slowly de- 
caying radial solution. 

Moreover, if p = "*'Tt-7~'~"^ ' ''^^ ^'^'^ another fast decaying solution with 
rate m9 ~ ^37- Now, n = {6 + 1)7 and hence (|2.18p implies 

for some double bounded c(r). 

(2) Suppose u solves (|2.18l) and satisfies inf/jn u = 0. According to Corollary 
4.13 in there exists C > such that 

^Wi,^{cuP){x) < u{x) < CWi^^{cuP){x). 
O 



Since c{x) is double bounded, we can see that 

u{x) 



K{x) 



Wi,^{uP){x) 

is also double bounded. This shows that u solves 

u{x) = K{x)Wi,.y{vF){x). 

When < p < "[7-^^"* ' Theorem 12.51 shows that this Wolff type equation has no 
positive solution for any double bounded function K{x). Therefore, we prove 
the nonexistence of positive solutions to p.l8p when < p < "[^J^"'"-' . □ 

3 Systems with variable coefficients 
3.1 HLS type system 

Theorem 3.1. There exist positive solutions u, v of the integral system involving 
the Riesz potentials 

v'i{y)dy 



u{x) — Ci [x) 

v{x) = C2{x) 



uP{y)dy 
J?" \x-yY'-'' 



(3.1) 



18 



for some double bounded functions Ci(x) and C2{x), if and only if pq > 1 and 

a(p+ 1) a{q + l) 
maxj — , —}<n-a. (3.2) 

pq~l pq-l 

Proof. Step 1. Sufficiency. 
Set 

Similar to the argument in the proof of Theorem 12.31 we can find four pairs 
solutions. 

(i) Take the slow rates 

2^,.^^ii±ll, 2^, = ^fcll. 

pq-i pq-i 

Then pq > 1 a.s well as (I3.2p lead to a < 2p9i < n and a < 2q92 < n. Therefore, 

u'P{y)dy _ ci(a:) _ ( \ ( \ 

\x - (1 + \xY)p6i-o./2 cuxj^^^xj, 

v'^{y)dy _ C2{x) _ ( \ ( \ 

Ir^ \x - 2/1"-" " (1 + |a;|2)««^-"/2 

for some double bounded functions ci{x) and C2{x). This consequence shows 
that (|3.1I) has a pair of radial solutions (u, v) as p.3p . 

(ii) Moreover, if the stronger condition p,q > -^^^ holds, then we can find 
solutions u, V with the fast decay rate 26*1 = 26*2 — n — a. Now, 2p6i > n and 
2q92 > n, then 

uP{y)dy ci{x) / ^ / ^ 

- - ci[x)v[x), 



^„ \x - 2/1"-" (1 + |x|2)("-")/2 
v'i{y)dy C2{x) 



- 2/1"-" (l + |a;|2)("-")/2 ^2(a;)w(x), 

for some double bounded functions ci{x)^C2{x). Therefore, (jST} has a pair of 
radial solutions {u,v) as p.3p . 

(iii) If another stronger condition p^/ > 1 as well as 

<P< , (3.4) 



{q + l)a 

< n — a, (3.5) 

pq-l 

holds, we can find a pair of solutions Now, u,v have two different fast 

decay rates. 

We claim that \i pq> 1, the condition (13. 4p together with (|3.5p are stronger 
than p.2p . In fact, we first see p < q. Otherwise, (13. 4p implies q < p < 
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which means q[p{n — a) — a] < n. This contradicts p.5p . From p.5p and 

pq-1 



p < q, it fohows that pq{n — a) — n > qa > pa. This leads to < n ~ a. 



Combining this with p.5|) yields 

Take 26*1 = n - a, 26*2 2^6*1 - a = p(n - a) - a. Then and lead 
to a < 2^6*1 < n and 2(76*2 > n. Therefore, 

uP{y)dy ci{x) r \ r \ 



(1 + |a;|2)pei-a/2 



= C2{x)u{x), 



f^r, \X - yl"-" (1 + |a;|2)("-a)/2 

for another double bounded functions ci{x), C2{x). Therefore, p.ip has a pair 
of radial solutions {u, v) as p.3p . 

By the same argument above, we know that once pq > I as well as ^^3^ < 

q < and ''^^jj^^" <n — a, p.ip has a pair of radial solutions (u, v) as (|3.3p . 
Now, u, V decay fast by two different rates. 

(iv) We can find another pair of radial solutions to p.ip . They decay with 
fast rates which are different from (13.31). Now, we assume 



(l + |x|2)(»-")/2' ^ > (l + |2.|2)(«-a)/2 



It is easy to verify that u, v also solve p.ip with some double bounded functions 

Cl,C2. 

TVoie. According to Corollary 1.3 (2) in gS], if (u, w) e LP+^R") x L1+^{R") 
where p, g satisfy the critical condition + = 1 — ^, then u, v decay with 
only three rates as in (ii)-(iv). 

Step 2. Necessity. 

(i) If either Q <pq<\ qt pq> \ and max{-^£i^^, ^p^^^" } ^ n — a^^e prove 
the nonexistence. 

Assume u, v are positive solutions of p.ip . First, for |a;| > i?, 

u j: > c ; > 



n — a Ixr*'^ 



Here Uq = n — a. By this estimate, for \x\ > R there holds 

f \y\-P''°dy c 

" A.i/2(-) 1^-2/1"-" " la^l'" 
where bo — pao — a. This implies 

u(x) > c — > 

for I a; I > i?, where ai — qbo — a. By induction, we obtain that for |a;| > R, 
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Here ao = n — a, bk — pak ~ oi and au = qhk-i — o,- Therefore, we have 
aj = vqaj-x ~ a{q + 1) = {pqYaj^2 - Q-{q + 1)(1 + pq) ^ ■ ■ ■ 
= {pqYao -a{q + l)[l+pq + --- + {pqy-^]. 
Case I: When pq ^ 1, for some large jo, it follows 
Ojo ao - a{q + l)jo < 0. 
Case II: When < pq < 1, letting j ^ oo, we get 

aj = {pqyao - a{q + 1)—^^ ^ '- < 0. 

1-pq i-pq 

Therefore, we can find jo such that aj^ < 0. 
Case III: When pq> 1 and "^^^^^ > n ~ a. 
Now, ao < "p^q^^ ■ Thus, we deduce that for some large jo, 

a,o = wV^ao - a{q + 1 ^^^^ , = - / + / < 0. 

— 1 pq — ^ pq ^ ^ 



Case IV: When wg > 1 and ^i£±i^ > n - a 



a(p+l) 
pq-1 

By an analogous argument of Case III, we can also find some kg such that 
bko < 0. 

These results imply u{x) = (X) or v{x) = oo. It is impossible. The contra- 
diction shows the nonexistence of the positive solutions to p.ip . 

(ii) If > 1 and max{ ^^^jj^^" , ''p^l i° } = n — a, we prove the nonexistence. 

The idea is the same as Step 3 in the proof of Theorem l2.19l Denote Bj^{0) 
by B. First, 



Thus, 



Without loss of generality, assume p < q. Combining two results above with 
= n — a yields 

v'^{x)dx >c{[ v'i{y)dyY\ 

where c is independent of R. Letting i? — > cxo, we get v e L'^{R"). On the other 
hand, we also obtain 

v'^{x)dx > c( / v^y)dy)P'^. 
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Letting i? ^ oo and noting v £ L'^{R^), we see w = 0. It is impossible. 

Theorem 13. II is proved. □ 



Corollary 3.2. Let k e [l,n/2) he an integer and pq > 1. There exist positive 
solutions u, V of the semilinear Lane-Emden type system 

r {-^fu{x)^cAx)v^(x) 

\ {~l^fv{x) = C2{x)uP{x) ^ > 

for some double bounded functions ci{x) and C2{x), if and only if 

pq-l pq-l 

Proof. When pq > 1, Liu, Guo and Zhang [37] proved (— A)*w > and (— A)*t; > 
0. Similar to the argument in [8] we can also establish the equivalence between 
p.6p and (|3.ip . So Corollary 13.21 is a direct corollary of Theorem 13.11 with 
a = 2fc. □ 

3.2 Wolff type system 

Theorem 3.3. There exist positive solutions u, v of the integral system involving 
the Wolff potentials 

u{x) = ci{x)Wp^j{vi){x) , . 

v{x)=C2(x)W0.-,{uP){x) 

for some double bounded functions ci (x) and C2{x), if and only if pq > (7 — 1)^ 
and 

/3j{p + J - 1) P"f{q + J - 1) n - 
max{ —, —} < -. (3.8) 

pq - 1) M - (7 - 1) 7-1 

Proof. Step 1. Existence. 

Insert p. 31) into Wp^^(uP) and Similar to the argument in the 

proof of Theorem 12. 5[ we also discuss in four cases. 

(i) Take the slow rates 

/37(g + 7-l) _ /37(p + 7-l) 

w - (7 - 1) pq - ii- 1) 

Then, > (7 - 1)^ and lead to (3j < 2p6i < n and < 296*2 < n. 

Therefore, 

Wfi,y{uP){x) ^ ^^^ ^2^1-3^ = ci{x)v{x), 

(1 + |a;p) 

Wp.,j{v'^){x) = "^^^ ^i^.^-g^ = C2ix)u{x), 

(1 + Ixp) 2(7-1) 

for some double bounded functions ci{x), C2{x). This implies that p. 71) has a 
pair of radial solutions {u, v) as ()3.3p . 
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(ii) If the stronger condition p,q > ^^-13^'' holds, we take the fast rate 29i = 
262 = Then 2^6*1 > n and 2qe2 > n, and hence 

(1 + 1x12)2(7-1) 

(1 + |a::P)2(7-i) 

for another double bounded functions ci(a;), 02(2;). This implies that p.7p has 
a pair of radial solutions (w, u) as p.3p with fast decay rates. 

(iii) Similar to the argument in Theorem 13. 1[ if > (7 — 1)^, the condition 

I3j 71(7-1) /37(g + 7— 1) n~/3-f 

n — f3"f ^ rt — /?7 ' — (7 — 1)^ 7 — 1 

is also stronger than (13. 8p . When this stronger condition holds, then we take 
20, = 262 = = - Therefore, /37 < 2p0, < n and 

2g02 > n, and hence 

W^/3,7K)(-^) = ^^^ ^ip^i-g-, = ci(x)w(a;), 

(1 + |a;p) 2(7-1) 

(1 + |XP)2(7-1) 

for another double bounded functions ci(x), 02(2;). This shows p.7p has radial 
solutions as p.3p . 

Similar to the argument above, if another stronger condition > (7 — 1)^ 
as well as 

/37 ?t(7 - 1) Pl{p + 1- 1) - /37 



n — /37 n — P"f ' M — (7 — 1)^ 7^1 

holds, (13.71) also has radial solutions as p.3p with two different fast rates 2^2 = 

(iv) Eq. (|3.7p also has another pair of radial solutions which also decay 
fast by two different rates. One decays with "^^f^ , and another decays with 
logarithmic order. Now, we assume 

i X 1 ( X (log|x|)^ 



(1 + |a;p) 2(7-1) (1 + |xP) 2(7-1) 



It is easy to verify that u, v solve (13. 7p with some double bounded functions 

Cl,C2. 

^iep ^. Nonexistence. 
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Substep 2.1. Suppose either < < (7 — 1)^ or 

fh{p + 7-1) + 7 - 1) 1 ^ n - /37 
pq-Ki - 1) M - (7 - I)" 7-1 

Assume m, u are positive solutions of (13. 7p . Noting J^^i^^^v'^{y)dy > c, we 
obtain that for I a; I > i?, 



u{x)> ( Zi-,. )--^->c t —-> 



c 



Here Qq — ^^^f^ . By this estimate, for |a;| > R, there holds 

v{x)>c [ -r-p-r^ ]~— > c / t ^-1 — . 

J2\x\ JBt-i^l(0)\B^t-i:,l)/2(0) Wr""' t J2\x\ t 

When /3j — pa^ > 0, we see v{x) = 00 for > R. This implies the nonex- 
istence of positive solutions of p.7p since R is an arbitrary positive number. 
When (3 J — pao < 0, then 

vix) > -r—r-, for \x\ > R, 

Ix]"" 

where bo = pb°^. Similarly, using this estimate, we also obtain that if — 
9^0 > 0, then u(x) — 00; if — qbo < 0, then 

c 

u(x) > - — ; — , for \x\ > R, 

where ai = qba — l3j. 
For k — 1, 2, • • • , write 

_ n~ _ pak - M _ qbk-i - Pi 

flo — Ofc — ^ — J flfc — • 

7 — 1 7~1 7~1 

By induction, we can obtain the following conclusions: 

(i) If Ofc < 0, then u{x) = 00. This leads to the nonexistence. If > 0, 
then u{x) > implies v{x) > j^^. 

(ii) If bk < 0, then v{x) = 00. This also leads to the nonexistence. If bk > 0, 
then v{x) > implies u{x) > j^^- 

In view of 

_ q _ pq fS-y q + j-1 

a-k - rOfc-i — 7 T\2"'=-i 1" 1 — ' 

7— 1 7 — 1 (,7 — Ij 7 ~ 1 7 ~ 1 

we deduce that 

pq ^75 + 7-1 



(7-1)2 ^ ' 7-1 7-1 

. M ^2 /?7 9 + 7-1/-, , M ^ 

(7-I) 7-1 7-1 (7-1) 

flPS_\j /^7 g + 7 - 1 ri , PI , , ^ W 
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When = 1, then for some large jo, 

This impUes ^(a;) = oo. 

When < < 1, letting j oo, we get 

Therefore, we can find jo such that a^^ < 0. This implies u{x) = oo. 

When > 1 and ^^l^+lz^ > there holds ao < ^2l2+2zJ^. We 

(7-1)2 pg_(^_l)2 5 U pg_(^_l)2 

deduce that 

a , 1 ( P'i \ ^" — 1 

Y,o.^^^ /37 9 + 7-1^7-1)^^ ^ 

"° 7^1 7-1 

for some large jo- We also see u{x) = oo. 

When > 1 and g^^^ > there also holds ao < 

By the same argument above, we handle bk instead of ak, we can also find some 
ko such that bko < 0. This implies = oo. 

Substep 2.2. Suppose pq > {'y — 1)^ and 

W - (7 - 1)^ ' P9 - (7 - 1)^ 7 - 1 " 
First, write H := /^^^^^ v''{y)dy. By the Holder inequality. 



pR pR pR 

/ ifrfi <(/ H^t^-'^dty-\ t 

Jo Jo Jo 



Jo 



Jo f^-l^^ t ' 
Therefore, exchanging the order of variables yields 

> cR~^^{ / v'^{y)dy)~. 
Jsn/i 

Thus, 

uP{x)>cR-p't^{[ v'^{y)dy)^. (3.9) 
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Similarly, 

V 



> ci?-«"^( / uP{y)dy)^. (3.10) 

i?./4 



Without loss of generality, we suppose 



(3.11) 



M - (7 - 1)2 7 - 1 ■ 
Inserting dSJ]) into ([O))) yields 

z;«(a;) > ci?"''^"P''(^+^( / w«(y)dy)(^. (3.12) 



H/4 



Integrating on Bfjj4, we get 

w«(x)da; > ci?"'?'^(^+^)+"(^+^H / t;«(2;)dy)(^. (3.13) 

We claim that the exponent of i? is zero. In fact, qfi^ + 71(7 — 1) = /?7(9 + 
7 - 1) + (n - /37)(7 - 1). By (pUj) . we obtain 

g^7 + 71(7 - 1) = [re - (7 - 1) ] 7- + (7 - 1) 7- = Pq 7-- 

7 — i 7^-1- 7^J- 

Multiplying by (7 — 1)^^, we have 

q n-fij pq n-l3j n - (S-f p 

n{ + 1) = q + r 7- = q ^(1 + r). 

7 — 1 7~1 7— I7— 1 7~1 7^1 

The claim is proved. 

Letting R 00 in (|3.13p . we see that v G L'^{R^) in view of > (7 - 1)^- 
Integrating p.l2p on Ar \ Bji/^ and letting R 00, we also have 

/fjn v'^{y)dy — 0. It is impossible. 

Thus, we complete our proof. □ 

3.3 7-Laplace system 
Theorem 3.4. (1) If pq > (7 - 1)^ and 

r 7(9 + 7-1) 7(P + 7- 1) -I ^ "-7 ,oT.N 

pq-[i- M - (7 - 1) 7-1 

then there exist positive solutions u, v of the ^-Laplace system 

-A^u{x) = ci{x)v''{x), X G -R", , . 

-A^v{x) ^ C2ix)uP{x), xeR" 

for some double bounded Ci{x) and C2{x). 
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(2) For any double bounded functions ci{x) andc2{x), if one of the following 
conditions holds: 

(i)0<pq<ij-l)^; 
(a) pq > — 1)^ and 



max{:i(i±2_l) , } > (3.16) 

pq-(n - ly pq- {-f-iy 7-1 



then I13.15\) has no positive solutions u, v satisfying inf/^n u = inf^jn v = 0. 

Proof. (1) Existence. 
Let m = Take 

7-1 

1 1 



+ ' ' (1 + |a;|'")«2 • 

Similar to the calculation in (I2.19p . we also obtain 

A llf-r'] - ("^i)""' r «+[ri-(ei+l)7]r"' i 
-^-fU[^) - (i4.r,„)(»i + i)(7-i) [ 1+7^;^^ J' 

A 7,Ct^ - r n+[«-(g2 + l)7]'-'" l 

~^7^l2;j - (i^,.,„)(fl2+i)(T-i) [ iqr^^H J- 

Therefore, the signs of both sides of the results above show four cases, 
(i) Take the slow decay rates 

7(9 + 7-1) n 7(P + 7-l) 



Then > (7 - 1)^ and (IXTil) lead to 

(6li + l)7<n, and (6*2 + 1)7 < n, (3.17) 

and hence 



(X +r'n)(ei + l)(7-l) 



-A^u(x) = -; — TT- = C2(a;)uP(x). 

' ^ ' (1 ^ 7.m)(e2 + l)(7-l) ^ ' ^ ^ 

This shows that (|3.15l) has the radial solutions as (|3.3p with slow decay rates. 

(ii) Moreover, if p = g = "^Ti^^-y'*'''' ' then we take the fast decay rates mOi - 
m92 = This leads to n {9i + 1)7 = (6*2 + 1)7. Therefore, 

-^f^i^) = (i + ^.»ye!+i)(7-i)+i = ci(^)"'(^)' 

- (l+^„^)?e!+l)(7-l) + l = C2(X)UP(X). 

This shows that p.lSp has the radial solutions as p.3p with fast decay rates. 
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(iii) If pq- (^2i)2 — ^z^i then we take other fast decay rates m9i = ^— j, 
= ~ Thus, n = (01 + 1)7, n > {62 + 1)7- Therefore, 

This shows that p.lSp has the radial solutions as p. 31) with the second fast 
decay rates. 

Similar to the argument above, if pj}^^2i)2 — holds, p.7p also has radial 

7 



solutions as p.3p with the third fast rates 17162 — "f^^i = 1 (^^-1)2 — 

(iv) Eq. p.7p also has another pair of radial solutions which also decay 
fast with the different rates. One decays with -^5^, and another decays with 
logarithmic order. Now, we assume 

t N 1 t . (log|a;|)^ 

u{x) = v{x) - 



+ {l + \x\-^)~ 

It is easy to verify that u, v solve (13. 7p with some double bounded functions 

Cl,C2. 

(2) Nonexistence. 

Suppose u, V are positive solutions of p.lSp satisfying inf/jn u = inf/jn v = 0. 
According to Corollary 4.13 in 21 , there exists C > such that 

lwijciv'i)ix) < uix) < CWi^^ic,v'i){x), 

^WiJc2uP)(x) < v{x) < CWiJc2uP){x). 

Since ci and C2 are double bounded, we can find two other double bounded 
functions Ki(x) and K2{x) such that 

u{x) = Ki{x)Wi^^iv'^){x), vix) = K2{x)Wi,^{uP){x). 

By Theorem 13.31 with /3 = 1, we can see the nonexistence. □ 



4 Finite energy solutions: scalar equations 

In this section, we consider the critical conditions associated with the existence 
of the positive solutions when the coefficient c{x) = Constant. Without loss of 
generality, we take c(x) = 1. 
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4.1 Critical exponents and scaling invariants 

Tl — 2 Tl+2 

Take a scaling transform u^{x) = ij,^~u{iix). Assume u solves —Am ~ u^-^ . 
By a simply calculation, we have 

-Au^ = li/t'"^ and \\u\\^ = \\u^,\\^. 

For the higher order equation, the corresponding result above is still true. 
Furthermore, we have the more general result. 

Theorem 4.1. The HLS type eauation 

nix) ^ I (4.1) 

and the energy ||u||ip+i(/jn) are invariant under the scaling transform, if and 
only if 

n + a 

P= ■ (4.2) 

71 — a 

Proof. Take the scaling transform 
Then 



I . ,n. — rv I ^ I r) — rv ^ 



If still solves (|4.1p . then 



a = ^. (4.3) 

p- 1 



Next, 

uP+\x)dx= [ [fi''ui^ix)]P+'^dx^ I uP+\z)dz. 

If the LP+^(i?")-norm is invariant, then there holds 



n 



p+1 



Combining this with (j4.3|) . we get (14. 2p . 

On the contrary, if (14.21) is true, then we can also deduce the invariance by 
the same calculation above. □ 



29 



Theorem 4.2. The Wolff type equation 

, , rJBA.)''''(y)dy^^dt 

'^(^) = y^ ( — (4-4) 

and the energy \\u\\i^p+-,-ij^j^r,-^ are invariant under the scaling transform, if and 
only if 

In addition, and another energy HuH^p+ij^n-) are invariant under the scal- 

ing transform, if and only if 

p = 7* — 1 (where 7* = ^7^)- (4-6) 

n — P7 

Proof. Take the scaling transform 



Then 



/ ( 



M^) =i^^l ( '\Lm — ^"'T 



Thus, solves ()4.4p if and only if 

/37 



p - 7 + 1 

Next, 



(4.7) 



P+^-\x)dx= [fi''u{^ix)]P+'<-^dx = fi''^P+''-^^-'' uP+'<-\z)dz 



The ^(i?")-norm is invariant, if and only if 

n 



p + 7 — 1 



Combining this with (j4.7p . we get (I4.5p . 

At last, 



/ uP+\x)dx= [fi''u{fix)]P+'^dx^ uP+^{z)dz. 
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The LP+'^(i?")-norm is invariant, if and only if 

n 



p+l 

Combining this with (j4.7p . we get (I4.6p . □ 

Since the corresponding resuh of the 7-Laplace equation can not be covered 
by that of the Wolff type equation, we should point out the following conclusion. 

Theorem 4.3. The ^-Laplace equation 

-A^u(a;) = uP{x) (4.8) 

and the energy ||w||LP+T-i(fl") 'f^c invariant under the scaling transform, if and 
only if |/^.5[ ) with /3 = 1 holds. In addition, {4-^ and another energy ||M||Lp+i(i{") 
are invariant under the scaling transform, if and only if |^T^ with /3 = 1 holds. 

Proof. Suppose is a solution of ()4.8p . Then 

-divi\Vu^\''~^Vu^) = uP^. 

-n'''^^-^^div^{\VMl^x)\''-^VMl^x)) = fiP^uPinx). 
Let y = /ix, then 

-^,-if-^)+''diVyi\Vyu{y)p-'Vyuiy)) = liP'^uPiy). 

This result shows that the equation is invariant if and only if 

7 

(T = . 

p - 7 + 1 



By the same argument as in Theorem 14.21 the invariance of the energy is equiv- 
alent to 



p + 7 - 1 



Eliminating a from the two formulas above yields p — ^^3^(7 — !)• 

The proof that (j4.6p with /3 = 1 is the sufficient and necessary condition is 
the same as the argument above. □ 

4.2 HLS type equation 

Theorem 4.4. Assume u > is a classical solution of 

-Au{x) = uP{x), X e i?". (4.9) 
Assume u e L^' Then Vu e L^{W) if and only if u e LP+^(i?"). 

A classical positive solution u ^ {R") of (|4.9p is called finite energy 
solution, Hue LP+^{R") or Vw £ L^iR""). 
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Proof. Take smooth function (^(x) satisfying 

C{x) = 1, for \x\ < 1; 

C(x)e[0,l], /or 1x1 G [1,2]; 
C(a;) = 0, for \x\ > 2. 

Define tfie cut-off function 

Cni^) = C(|). (4.10) 
Multiplying (|4.9p by uCa, and integrating on _D := i?3fl(0), we have 

J D J D 

Integrating by parts, we obtain 

/ \Vu\'^C\dx + 2 1 uCflVwVCflrfx^ / uP+\]idx. (4.11) 
Jd Jd Jd 

Applying the Young inequahty, we get 

f uC,R\/uVC.Rdx\<5 ( \Vu\^CRdx + C I u'^\\/C,R\^dx 

D JD JD 



(4.12) 

for any 5 € (0, 1/2). If u G (-R")i can find C > which is independent of 
R such that 

/ u^lVCflpda; < C. (4.13) 
Jd 

If u G LP+i(i?")nL2*(i?»)^ then (|TTT |) - (|il^ imply iVwpC^da; < C. Letting 
oo yields 

Vu G 

This and u G L'^ (^") show that for some R — Rj oo, 

R [ {\Vu\^ + u^')ds -> 0, 

JdD 

by Proposition 12. II Therefore, 

d,uds\<{( u^'dsf/^'ij |V7/|2ds)i/2i?("-i)(i/2-i/2-) 0, (4.14) 

dD JdD JdD 

when i? — )> oo. Multiplying (|4.9p by u yields 

/ u^+^dx^ i \Vu\'^dx- i ud^uds. (4.15) 

J D Jd JdD 

Letting R oo and using the result above, we have ||Vw||| = 

If Vu G L^iR"") and u G ^^'(i?"), (|iTD stiU holds. If letting R ^ oo 
in (|4.15l) and inserting (|4.14p into it, we obtain — ||Vu|i| and hence 

uGiP+^i?"). □ 
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Next, we use the Pohozaev type identity in integral forms to discuss the 
existence of the finite energy solutions of (|4.1|) . A positive classical solution u 
of (|4.ip is called finite energy solution, if m G 



Theorem 4.5. The HLS type integral equation J^. J[ ) has positive classical so- 
lution in LP^^{R"-) if and only if holds. 

Proof. If (|4.2p holds, (|4.1I) exists a unique class of finite energy solutions (cf. 

m or my- 

u{x) = c{-^ ^)("-")/^ 

t'^ + \x - xor 

Here c, < are positive constants. 

On the contrary, if it G L''+^(i?") solves (|4.ip . we claim that (|4.2p is true. 
In fact, for any fJ. 0, from (14.11) it follows 

, , f u'P{y)dy f ^"■uP{^z)dz ^ f uP{^z)dz 



Differentiate both sides with respect to fi. Then, 

a-i /■ uP(pz)dz ^ f puP-^inz){z ■\/u)dz 



Letting n = I yields 



^ / X / N I z-VuP{z)dz / , , „x 

x • Vu(a:) = aM(x) + / }-^. (4.16) 



To handle the last term of the right hand side of ()4.16p . we integrate by 
parts to get 

^ • yuP{z)dz f uP{z)ds 

for any R> 0. Here iJ/j = Bb.{0) and 

^ , , /■ uP(z)dz . . f (z-(x~ z))uP(z) , 



Next, we claim the first term of the right hand side of (|4.17p converges to 
zero as i? -+ oo. In fact, for suitably large R, 



R 



uP{z)ds 

OBn \X-Z\^-^ 



<CR^+°'-"iR uP+^ds)^R~-i^R'^ (4.18) 

JdBu. 



Ci?"-"+FFT(i? [ uP+^ds)- 

Jobr 
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By Theorem 12.31 we see that p > So a — n H — ^ < 0. In addition, using 



p-t 

Proposition 2.1 and u £ Lp~^^{R"), we can find Rj oo such that 



Rj / uP+^ds 0. (4.19) 



Let R = Rj ^ oo in (|4.18p . we verify our claim. 

Multiplying (|4.16p by uP{x) and applying the claim above, we obtain 

uP{x){x ■ Vu(x))(ix 
a J^^ uP^\x)dx + J^ ^ uP{x)dx j^^ ^^^^ 



a i vF'^^{x)dx~n I vF{x)dx 
Jr" Jr^ JR" 



uP{z)dz 
\x - z\^-^ 

By virtue of z • (x — z) + x ■ [z — x) = — \x — z^ , it follows that 

uF(x)(x ■ \7u{x))dx 



R" 

a [ uP+\x)dx-n [ uP+\x)dx 
Jr." Jr." 

n — a f f uP(x)uP(z) , , 
H — / / , \ dzdx 



n — a 



uP+\x)dx. 



R" 



2 

On the other hand, integrating by parts an using (j4.19p . we get 



uPix){x ■ Vu{x))dx = [ {x ■ VuP+\x))dx = I uP+\x)dx. 

IR" P + 1 J p+1 

Combining this with the result above, we deduce that 

1 n — a 



p+l 2n 

This is Theorem li?5] is proved. □ 

Corollary 4.6. Let k e [l,n/2) be an integer and p > 1. The 2k-order Lane- 
Emden PDE 

{~A)''u{x) = uP{x), u>Oin i?", (4.20) 
has positive classical solution in LP^^{W^) if and only if p = • 

Proof When p > 1, Corollarv 12.41 shows that (|4.20l) is equivalent to the HLS 
type equation ()4.ip with a — 2k. According to Theorem 14.51 have the 
corresponding critical conditions p = n-2k existence of the finite energy 

solutions of the (|4.9I) . □ 
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Remark 4.1. Theorem 14 . 5 1 shows another critical condition (|4.2p for the exis- 
tence of the positive solutions to (|4.1|) . Since the finite energy solutions class of 
(|4.1I) is smaller than the positive solutions class of (|2.5p . the critical condition 
(1321) is stronger than (1^^ . 

4.3 7-Laplace equation 

Serrin and Zou |47j proved that 7-Laplace equation has positive classical solu- 
tions if and only if p > 7* — 1, where 7* = Naturally, we conjecture that 
7-Laplace equation has the finite energy solution if and only if p = 7* — 1. 

To define the finite energy solution, we first introduce the following theorem. 
It is a natural generalization of Theorem 14.41 

Theorem 4.7. Assume u > is a classical solution of the j-Laplace equation 
ggj. Assume u e L^' {R") with 7* = Then Vu G L'^(i?") if and only if 

u e LP+i(i?"). In addition, \\Vu^ = 

A classical positive solution u ^ of (|4.8p is called finite energy 

solution Hue LP+^{R") or Vu G L''{R"). 

Proof Let u G L^* (i?"). Take a cut-off function (r as (jiHI)) . Using the Holder 
inequality, we get 

/ u^\S7CHrdx < ||i.||^.,^||VC||\^ ^<C, (4.21) 

where D — B2r{0), and C > is independent of R. 

(1) Sufficiency. Supposing u G LP+^{R'') n L''*(i?") solves g^H]), we claim 
V«Gini?")and WVup^ = \\u\\l+l. 

Multiplying (|4.8p by and integrating by parts on D, we obtain 

/ \Vu['CRdx + i I \Vu['-'^{uQ'^)VuVCRdx^ [ vF+\ldx. (4.22) 
JD JD Jd 

Using the Young inequality, from (|4.22l) we deduce that for any S G (0, 1/2), 

/ iVupQdx <C\ [ \Vu\^-^{u(]f^)Vu\/(:Rdx\ + [ uP+^Qdx 
Jd Jd Jd 

<S [ iVul-^CRdx + C [ u'-'\VCRpdx+ [ uP+^Cldx. 
Jd Jd Jd 

Combining this result with (|4.21l) . we see that iVitpC^dx < C. Let R —?■ 00, 
then 

Vu G iT(i?"). 

From this result as well as u G L'' (i?"), we use Proposition 12. II to deduce that 
for some Rj (denoted by R), 

R il"^ up + u'f')ds < o{l), as R^ 00. (4.23) 

JdD 
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Multiplying (|4.8p by u and integrating on D, we have 

/ uP+^dx^- uA^udx= / \Vuydx- I u\Vu\''^^d^uds. (4.24) 

Jd Jd Jd JdD 



ID Jd Jd JdD 

By means of the Holder inequality and (|4.23l) , we get 



I / u\\/up-^d,.uds\ 

JdD 

<[R [ \S7upds]^R^[R [ uT*ds]i/T'i?-i/T*i?("-i)(i/-'-i/T*) 

JdD JdD 

<o(l). 

Letting i? — > cxa in (|4.24l) . we have 

VMpdx= / uP+^dx. (4.25) 

R" JR."^ 

(2) Necessity Let u > solve (gUl)- K Vu G L''(i?") and u e LT*(i?"), then 
(|4.23l) is still true. Using (|4.23p to handle the last term of the right hand side 
of we also derive (IT^ and hence u G LP+'^{R''). 

□ 

Theorem 4.8. The j-Laplace equation J^.i^p has a classical solution satisfying 
Vm e L''(i?") i/ and only if 

p = 7*-l. (4.26) 
Proof. If p = 7* — 1, according to p. 328 in [13], (|4.8p admits a class of solutions 

d 



u{x) 



[l + D{d—\x\ — )]- 



Here d, D are positive constants. 

Next, we prove the sufficiency. Write B = Bii{0). Multiplying the equation 
with (a; • Vu) and integrating on B, we obtain 

/ |VuP~2VuV(x • Vw)dx - / \\7up-^{iy\/u){x-Vu)ds 

J B JOB 

— I uP{x ■ Vu)dx. 



Here v is the unit outward normal vector to dB. Noting 



VuV(a: • Vu) = |Vu|2 + ]^x ■ VdVup) 



and X = Ixlv, we have 



\Vu\'^dx + - I x-y{\yu[<)dx-R I \yuy-'^\d^u\^ds 

B 1 J B JdB 



1 



p+l 



X 



■ VuP+^dx. 
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Integrating by parts, we get 

(1^-) [ \\7updx + - [ \Vu\'<ds~Rf \Vu[<-'^\d^u\^ds 

1 Jb 1 JdB JdB 



JdB P + 1 



(4.27) 



B 



According to Theorem mil Vu £ implies u S L^' {R'') n LP+^iR""). 

Therefore, by Proposition 12.11 we can find Rj — s> oo, such that 



Rj [ iuP+^ + \\/uP)ds 0. 

J 

Let R — Rj oo in (|4.27p . By means of the resuh above, we deduce that 

(1 - -) f iVwpdx = — f uP+'dx. 

Inserting (|4.25p into this resuh yields p = 7* — 1 . □ 



Remark 4.2. 

1. For the Wolff type equation (|4.4p . we do not know whether (|4.5p is the 
necessary and suflacient condition for the existence of positive solution in 
LP+'^-i(i?"). 

2. A surprising observation is, when 7 7^ 2, the critical condition (|4.26p is 
different from (|4.5p with P — 1. One reason is that the solution of (14.81) 
only solves a Wolff type equation with variable coefficient instead of (j4.4p . 
Another reason is that the finite energy functions spaces and 
2^p+7-i(/jn) are also different except for 7 = 2. This distinction shows 
that (14. 2p and ()4.26p are not the same class critical exponents. For 7- 
Laplace equation, besides the divided number in Theorem 12.61 we also 
have two critical exponents mentioned above. The relation of them is 

n — 7 rt — 7 

as long as 7 G (1,2). This is also led to by the difference of the existence 
spaces of positive solutions. 



5 Finite energy solutions: system 
5.1 Critical conditions and scaling invariants 

Theorem 5.1. (1) Both the semilinear Lane-Emden type system 

~Av = uP. 
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the energy integrals ||M||LP+i(fl") and ||w||L<!+i(_Rn) are invariant under the 
scaling transforms, if and only if 

' ' (5.2) 



p+l q+1 
(2) Both the ^-Laplace system 



r p (5.3) 



and the energy integrals \\u\\i^p+-,-i(^finj and ||w||l9+7-i(_ri) are invariant under 
the scaling transforms, if and only if 

' ■ ^ - (5.4) 



P + 7-I (7 + 7-I 71(7 — 1) 

In addition, H5.3\) and the energy integrals ||u||ip+i(jj,i) and 1|w||l9+i(_R") are 
invariant under the scaling transforms, if and only if 

p = q or 7 = 2. (5.5) 

(3) The HLS type system 

"(^ ^ / I 1^ 

jRr^ \x-yr 

and the energy integrals ||w||Lp+i(i?") o,nd ||w||L<!+i(_Rn) are invariant under the 
scaling transforms, if and only if 

' ' (5.7) 



p+l 9+1 n 
(4) The Wolff type system 

and the energy integrals ||u||Lp+T-i(jjn) and ||f ||Lij+T-i(fl>i) are invariant under 
the scaling transforms, if and only if 

'"^ (5.9) 



P + 7-I q + "f-l n(7 — 1) 

In addition, i5.8\) and the energy integrals ||u||ip+i(^Ti) and ||w||L<!+i(i?") o,re 
invariant under the scaling transforms, if and only if 

p — q or 7 = 2. (5.10) 
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Proof. (1) Take the scaling transforms 

Uf^{x) = n'^^uipx), v^{x) ^ fi^^vifxx). (5-11) 

Then 

and similarly, 

On the other hand, 

vF+^{x)dx = ^1"'^^+^^ ( vF+^{^ix)dx^ if'''P+^^-^ ( uP+\y)dy, 
R" Jr" Jr." 

and similarly, 

/ = / v'^+\y)dy. 

Jrp Jr^ 

Clearly, (jS.ip is invariant if and only if 

o-i+2 = g(T2, (72 + 2=po-i. 
Energy integrals are invariant if and only if 

ai{p+l)—n, a2{q + l) — n. 
Eliminate cti and (72- Then 

pq-l ^ 2 
(p+l)(g+l) n 

This is equivalent to (j5.2[) . 

(2) In view of (|5.1ip . we have 

Similarly, 
In addition, 

uP+''-'\x)dx =^'^i(p+7-i) /" 

R" Jr" 

= ^<-i(p+7-i)-" /" uP+'^-\y)dy, 

Jr" 



and similarly. 



R" JR." 
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Eq. (j5.3p is invariant if and only if 

(Ti(7 - 1) + 7 - q(T2 = 0, CT2(7 - 1) + 7 - pen = 0. 

Namely, 



^1 = ? T\2' ^2 = 7 TTn • (5-12) 

Energy integrals ||u||ip+7-i(fl.n) and are invariant if and only if 

<^i{p + 1 — ^) - n = ^1 fJ2{q + ^ - I) — n — Q. 



Eliminating ai and CT2, we obtain ([57 

Similarly, ||w||Lp+i(fl") and ||w||L9+i(fl") are invariant if and only if 



n n 
= — — r, o'2 = 



p+1 q+1 

Combining with ((5l^ . we see (g + + 7 - 1) = (p + + 7 - 1). This 
is equivalent to {p — q){^ — 2) = 0. Thus, l|5.5p is the sufficient and necessary 
condition. 

(3) Noting (|??TT|) . we have 



' / ..7) — rvl — — rv ' 



^ \x — z\ jjfr, \x - y\ 

Similarly, 



Thus, M^, still solve (|5.6I) if and only if 

(Ti + a (7(72 , (72 + o; po-i . 
By the same calculation in (1), energy integrals are invariant if and only if 

(7i(p+l)=ri, cr2(g + l) = n. 

Eliminating a\ and CT2, we deduce (I5.7p . 
(4) Noting (|5.1ip . we have 

, , r,Ui^..)^'"(y)dy.^dt 

vJx) = / ( ^^^-^—5 )-,-! — 



^f- \ ( 



7-1 ■ 



s 
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Similarly, 

u^{x)^ti^^+ ( '>^_p^ )-^-. 

Thus, M^, still solve (|5.8p if and only if 

(7 - l)(Ti + /37 = 90-2, (7 - 1)0-2 + /37 ==p(Ti. 

By the same calculation in (2), energy integrals \\u\\i^p+-,-i(^]^n-^ and ||w||i<j+7-i(7jn) 
are invariant if and only if 

+ 7 - 1) = cr2('7 + 7 - 1) = 

Eliminating ai and 02, we deduce (j5.9p . 

By the same argument in (2), (|5.10p is another corresponding sufficient and 
necessary condition. □ 



5.2 Existence and the critical conditions 

In this subsection, we first show that (j5.2l) is the critical condition of the ex- 
istence of the finite energy solution of (|5.ip . We call the positive classical so- 
lutions u,v of (|5.ip finite energy solutions^ if u G LP+^(i?") fl Li^ and 
V e nL2*(i?"). 

Theorem 5.2. The system i5. 1\) has a pair of finite energy solutions {u,v) if 
and only if 115. 2\) holds. 

Proof. Serrin and Zou |46j proved the existence if (j5.2p is true. Next, we will 
deduce (|5.2I) from the existence. Denote Bji{Q) by B. According to Proposition 
5.1 in [?S] (or cf. Lemma 2.6 in [15]), the solutions u,v satisfy the Pohozaev 
type identity 

(^-ai) / uP+'dx + i^-a^) f v^+'dx 
P + 1 Jb 9 + 1 Jb 

= i?" / + + [ (aiudrv + a2vdru)ds (5.13) 

+ / {d,.udrV - ^)ds, 

where a2,a2 G i? satisfy ai + a2 — n — 2. Since m, are finite energy solutions, 
we know Vm, Vw £ L^{R") by an analogous argument of Theorem 14.41 Using 
Proposition 12.11 and the Young inequality, we can find Rj 00, such that all 
the terms in the right hand side converge to zero. Letting R ~ Rj ^ 00 in the 
Pohozaev identity above, we obtain 

{-^-ai)[ uP+^dx+{^^-a2) f v^+^dx^O 
>+l 'jRr^ '9 + 1 'Jr^ 
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for any ai, 02 as long as ai + 02 = 71 — 2. Take 02 — then 

(— ai) / uP+^dx^O. 

Thisimplies0 = ^-ai = ^-(n-2-a2) = ^-(n-2) + ^. So 
is verified. □ 

Next, we consider the HLS type system. Since (j5.6p is the Euler-Lagrange 
system of the extremal functions of the HLS inequahty which implies {u, v) g 
xL«+i(i?"), we naturally cah such solutions (belonging to LP+^{R") x 
L'i^^{R^)) of (|5.6p as finite energy solutions. 

Theorem 5.3. The HLS type system / f5.6]] /los the finite energy solutions if and 
only if |5. ?p holds. 

Proof. Sufficiency. Clearly, the extremal functions of the HLS inequality are 
the finite energy solutions. Lieb |35| obtained the existence of those extremal 
functions. 

Necessity. The Pohozaev type identity in integral forms is used here. 
For any /i 7^ 0, there holds 



'i?" 1-^ - -^1 

Differentiate both sides with respect to /i and lei ^ — 1. Then, 

x-Vv^av+ 5.14 



According to Remark 1.2 (1) (or cf. Theorem 1 in 6 ), if p, q < :^^zr^ 
has no any positive solution. Therefore, (u, v) solves (|5.6p implies p,q > -^^^^ 
Similar to the derivation of (|4.18p . if follows 

when R = Rj ^ 00. Thus, integrating by parts, we obtain 

z ■ VuP{z)dz , , f {z-{x~ z))u''iz) , 

-; ; = —nv — (n~ a) / — ; ; -7^ — dz. 

|a;-z|"-" ^ Vfl.„ |a;-z|"-"+2 

Multiplying (|5.14p by w« (x) we get 

v'^{x){x ■ ^v{x))dx 

a[ v'^+\x)dx+( v^x)dxf 
w«+i(a;)da;-n / t;«+i(x)dx 
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Similarly, there also holds 

M^(x)(a; • 'Vu{x))dx 



= {a-n) I uP+ {x)dx -{n-a) J^ ^ J^^ 1^ _ ^|„-^+2 ^^'^^ 



/ \ / P+U f \ f f {x ■ {z ~ x))v'^{x)uP{z) 
(a — n) j u^^ (x)ax ~ [n — a) j j j \n^a+2 dzax. 



Ir" JR'^JR" \x — z 

By virtue of 2: • {x — z) + x ■ {z — x) ~ — \x — z\'^, it follows that 

/ v'i{x){x ■Vv{x))dx + I vP{x){x ■Vu{x))dx 

Jr" Jr" 

^{a~n){( v''+^{x)dx+ ( uP+\x)dx) 

JR^ Jr" 

. f f v^x)uP{z)^ ^ 
+(n-a) / / , , ' dzdx. 
^ ' J„,Jn^ \x-z\^-'- 

On the other hand, integrating by parts leads to 

v%x){x ■ \/v{x))dx =-^l {x-Vv'i+^{x))dx 

R" 

„9+l 



q- 


f 1 , 


Jw 




-n 




q- 


f 1, 


L 



v'^+^{x)dx 

and similarly J^„ uP{x){x ■ S/u{x))dx = Jj^„ uP^^{x)dx. Inserting these into 
the result above, we deduce that 

n 



v'i+^{x)dx / uP+^(x)dx 

P + 1 . T}r, 



q + 1 Jr'^ Jr 

{a~n){( v'^+^{x)dx + [ uP+^{x)dx) 
Jr" Jr" 

, f f v^x)uP{z)^ ^ 
+(n-a) / / , \ ' dzdx. 
^ ' JaJn^ \x-z\^-^ 



From (15.61). it follows that 



v''+\x)dx = / v''{x)dx 
_R" Jr" 



R- 



uP{x)dx( / uP+\x)dx. 

Substituting this into the result above yields 

1 1 n ~ a 

p + \ 9 + 1 n 

Theorem 15.31 is proved. □ 
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Corollary 5.4. Let k G [1, n/2) be an integer and pq > 1. The 2k-order system 



has a pair of finite energy positive solutions {u,v), then 

1 1 _n-2k 

p + 1 9+1 n 

Proof. Since pq > 1, Wf: proved that the solutions u,v of this system satisfy 
(— A)'u > 0, (— A)*D > for i = 1, 2, • ■ • ,k — 1. Thus, this system is equivalent 
to the integral system ()5.6|) with a — 2k (of. [8]). According to Theorem I5.3| 
we can also derive the conclusion. □ 



6 Infinite energy solutions 
6.1 Existence in supercritical case 

For semilinear Lane-Emden equation (jl.Sp . Li |32] obtained a positive solution 
with the slow decay rate 

u{x) = 0(|a;|~p^), when \x\ — oo. 

According to Corollarv 11.31 it is not the finite energy solution. 

In this section, we prove that there also exists an infinite energy solution for 
bi-Laplace equation in the supercritical case p > . 

Clearly, 

i-Afu = uP, in W\ 

is equivalent to 

J — Au = V, 
\ -Av = uP. 

We search the positive solutions with radial structures. The existence can be 
implied by the following argument. 

Theorem 6.1. The following ODE system 

+ = -{v"+'-i^v')^uP, r>0 

\ u'iO) = v'iO) = 0, u(0) = 1, v{0) = a, ^ 

has entire solutions satisfying lim|a;|_i.oo u{x) = lim|j.|^oo v{x) = 0. 

Proof. Here we use the shooting method. 

We denote the solutions of (|6.ip by Ua{r),Va{r). 

Step 1. By the standard contraction argument, we can see the local existence. 
Step 2. We claim that for a > 4n, there exists R £ (0, 1] such that 
Ua{r),Va{r) > for r e [0,R) and Ua(-R) = 0. 
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In fact, from (|6.ip we obtain u'^ < which implies Ua{r) < Ua{0) = 1, and 
Vair) = VaiO) - ri-" £ s'--^ul{s)dsdT > a - ^ > I 
for r G [0, 1]. Therefore, 

Ua{r) = Ua(0) - / T^-" / s''-^ Va{s)dsdT < 1 - 

Jo Jo 4ri 

This proves that for a > 4ri, we can find R G (0, 1] such that Ua{r),Va{r) > 
for r G (0,i?) and Ua{R) = 0. 

S'iep 3. We claim that for < a < Eq = n2^+p ; there exists i? G (0, 1], such 
that Uair),Va{r) > for r G [0,R) and Wa(i?) = 0. 

In fact, 

Ma(r) > 1 > -, 

for r G (0, 1). Therefore, 

This proves that for a < Sq, we can find R G (0, 1] such that Ua{r),Va{r) > 
for r G (0,i?) and Va{R) = 0. 
S'iep 4- Let a = sup 5, where 

S:= {e;3Ra > 0, such that Ua{r) > 0,Va{r) > 0, for r G [0, Ra],Va{Ra) = 0}. 

Clearly, 5 by virtue of Eq G S^. Noting e < oq for e G S_, we see the existence 
of a. 

Step 5. Write w(r) — Ugir) and v(r) = Va(r). We claim that u(r),w(r) > 
for r G [0, (X)), and hence they are entire positive solutions of (|6.ip . 

Otherwise, there exists > such that u{r), v{r) > for r G (0, R) and one 
of the following consequences holds: 

(i) u{R) = 0, v{R) > 0; 

(ii) v{R) = 0, u{R) > 0; 

(iii) u{R) = 0, v{R) = 0. 

We deduce the contradictions from three consequences above. 

(i) By C^-continuous dependence of Ua,Va in a, and the fact u'{R) < 0, we 
see that for all \a — a\ small, there exists Ra > such that 

w(r),w(r)>0, for r e {0,Ra); 

u{Ra) = 0, v{Ra) > 0. 

This contradicts with the definition of a. 

(ii) Similarly, for \a — a\ small, there exists Ra > such that 

u(r),w(r)>0, for r e {0,Ra); 

u{Ra) > 0, viRa) = 0. 
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This implies that a + S G S_ for some S > 0, which eontradicts with the definition 
of a. 

(iii) The consequence imphes that u{x) = u{\x\) and v{x) = v{\x\) are solu- 
tions of the system 

-Au = V, -Av = uP, in Br, 2^ 
u, w > m Bii, u = V = {) on dBn. 



It is impossible by the Pohozaev identity proved later (cf. Theorem [ 

All the contradictions show that our claim is true. Thus, the entire positive 

solutions exist. 

Step 6. We claim limr_s.oo u{r), v{r) = 0. 

Eq. (16. ip implies u' < and w' < for r > 0. So w and v are decreasing 
positive solutions, and limr-^-oo '«(r), \\mr^oov{r) exist. 

If there exists c > such that v{r) > c for r > 0, then (16. ip shows that u 
satisfies 

u" H u' < -c. 

r 

Integrating twice yields 

2 

cr 

Hr) < m - ^ 

for r > 0. It is impossible since -0 is a entire positive solution. This shows that 
t; — > when r — >■ oo. 

Similarly, u has the same property. □ 



Remark 6.1. 

1. When k 6 (2,n/2) is an integer, the existence of the 2fc-order PDEs in 
the supercritical cases is rather challenged. Recently, Li [53] applied the 
shooting method and the analysis of the target map via the degree theory 
to obtain the existence results for both (II. 6p and (|1.2I) in Theorem 11.11 in 
the supercritical cases. 

2. In the critical case p — (jl.lOp with a 2fc is a solution of (jl.6p . For 
the system (|1.2p , the critical condition + = 1 ^ ^ leads to pg > 1 . 
The argument in Corollary 15.41 shows the equivalence between (11.21) and 
the HLS type system (|5.6p . Therefore, the existence of (jl.2p is implied by 
the sufficiency of Theorem 15.31 

3. In the subcritical case p < the nonexistence of positive solutions of 
(11.71) had been proved (cf. [T], [5] and [SI])- On the other hand, by the 
equivalence between (II. 6p and (|1.7I) (cf. fSI and fTP), we also see that 
(II. 6p does not exist any positive solution. As regards the nonexistence for 
the system (jl.2p (or (|l.ip ). it is the Lane-Emden conjecture (or the HLS 
conjecture) (cf. [2j and [48]). 
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6.2 Nonexistence in bounded domain 

In this subsection, we give the Pohozaev identity which the proof of Theorem 
16.11 needs. In fact, we can give more general ones which imply nonexistence of 
positive solutions of the following 2fc-order PDE (|1.6p 

(-A)'^u = uP, fc > 1, w > 

with the supercritical exponent p > ^j^H in any bounded domain. The argu- 
ment can help to prove the existence results in i?". 

Note. Seeing here, we recall another related fact: in the subcritical case, 
p.6p has positive solutions in a bounded domain. In general, the variational 
methods works now. However, it has no positive solution in i?" (cf. Remark 
6.1(3)). 

Proposition 6.2. Let D C i?" be a bounded domain. Assume that Uj (j = 
1, 2, • • • , A:) solve the following boundary value problem 

-Aui=U2, -Au2 = U3, 

-Auk-i = Uk, ~Auk = Uk+i := "i, in D, (6.3) 
ui = U2 ^ ■ ■ ■ = Uk = 0, on dD. 



Then 



u\'^^dx = / UjUk+2-jdx, for j = 1,2, ■ 



D Jd 



(6.4) 



Proof. Applying the boundary value condition, from (|6.3|) we obtain 
/ u^^^dx — — uiAukdx — / ViiiVufcda; 

JD JD J D 

UkAu\dx — / U2Ukdx = U2Auk-idx 



D 



\/u2^Uk-idx = I u^Uk-idx 

D 



= / VujVuk+i-jdx = / UjUk+2-jdx. 

JD JD 

This result implies (|6.4p . □ 
Theorem 6.3. Let D C i?" be a bounded star-shaped domain. If 

then the following Navier boundary value problem has no positive radial solution 
m C'^''(D)C\C^^-^{D) 

{-Afu^u^ m D, 

u = Au = --- = A^-^u = on dD. ^ ' 
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Proof. Clearly, u — ui satisfies 

-Aui = 1*2, - Au2 = U3, • • ■ , 
-Auk-i=Uk, - Auk = Uk+i ■■= in D, 
ui — U2 — ■ ■ ■ = Uk ~ 0, on dD. 

By the maximum principle, from —Au^ — u\> Q and Uk\dD = 0, we see > 
in D. By the same way, we also deduce by induction that 

Uj>0 inD, j = l,2,---,fc. (6.7) 

Multiplying the j-th equation by {x ■ Vitfe+i-j), we have 

— / {x ■ v)dyUjdyUk+i-jds + / \/uj\/uk+i-jdx 

•^^^ Y (6.8) 

+ / X ■\/Ujx^{uk+i-j)x,dx = / Uj+i{x ■\7uk+i-j)dx 



for j = 1, 2, ■ • • , fc, where v is the unit outward normal vector on dD. 
Integrating by parts, we can see that 

X ■ {Ujxi'^{Uk+l-j)x, + {uk+i^j)xi^Ujxi)dx 

) 

= X ■ V{\i'uj\7uk+i~j)dx 
Jd 

= / {x ■ u)d,jUjd^Uk+i^jds — n I VujVuk+i-jdx, 
JdD Jd 

Combining the results of (|6.8p with j and k + 1 — j, and using the result above, 
we deduce that, for j = 1, 2, 3, • • • , fc. 



(6.9) 



{x ■ v)duUjd^Uk+i-jds + (2 — n) / VujVuk+i-jdx 
dD Jd 

Uk+2~]{x -Vuj^dx + I Uj+i{x ■Vuk+i-j)dx. 
Jd 

Integrating by parts, we also see that for j = 2, 3, ■ • • , fc. 



D 



X ■ {UjVuk+2-j + Uk+2-j^Uj)d: 



X 



X ■ V{ujUk+2-j)dx = -n / UjUk+2-jdx. 
D Jd 

Summing j from 1 to fc in ()6.9p and using the result above, we obtain 
2-n 

Id 



/ (VwiVufe + Vu2Vm/c_i + • • • + \7uk'Vui)dx 
Jd 



+ 77 / ("2Wfc + u^Uk-i H h UkU2)dx - / Uk+i{x ■ Vui)dx 

^ Jd Jd 

{x ■ v)[{di,uidyUk + d^U2d^Uk-i H 1- dyUkd^Ui). 

dD 



By virtue of (|6.7I) and the boundary value condition, the Hopf lemma shows 
that di^Uj < on dD for j = 1, 2, • • • ,k. Noting D is star-shaped, we know that 
all terms in the right hand side of the result above are positive. Namely, 



2 - n 



/ (VttiVufc + Vu2Vuk-i + • ■ • + VukVui)dx 

n f n f (6-10) 

+ 7r / ("2Wfe + U3Uk-i + h UkU2)dx H / vF^^dx > 0. 

2 P+^Jd 

Inserting (j6.4p into ()6.10p . we have 

ri k(2 — n) n(k — 1) 

h -^^ + — > 0. 

p+1 2 2 

This contradicts □ 

The following result is necessary to prove Theorem [L5] (2) (cf. [29 ). 

Theorem 6.4. Let D C i?" be a bounded star-shaped domain. If 

1 1 n-2k ^ ^ , 

— T + — T< , (6.11) 

p+1 9 + i n 

then the following Navier boundary value problem has no positive radial solution 

in c^'^x^) nc2'=-i(5) 

{-A)''u = u?, {-A)''v ^ uP in D, 
u = Au = -- - = A'^-'^u ^0 on dD, (6.12) 
w = Av = • ■ • = A''-^v = on dD. 

Proof. Clearly, the solutions ui{— u) and ui(= v) of (|6.12p satisfy 

~Aui = U2, -Au2 = W3, ■ • • , -Auk = Uk+i := v^, in D, 
~Avi = V2, -Av2 = W3, • • • , -Avk = Wfc+i := u^, in D, 
ui = U2 = ■ ■ ■ ^ Uk — on dD, 
vi = V2 ^ ■ ■ ■ ^ Vk = on dD. 

Multiply —Auj = Uj^i and —Avj = ^^j+i by (2; • ^v^+i-j) and (x • Vitfc+i_j), 
respectively. Integrating by parts yields 



(a; • v)d^Ujd^V}^^i_jds + / Vuj Vufc+i_jdx 
+ / [x ■\/{vk+i~j)xi]ujx,dx ^ I Uj+i{x ■Vvk+i-j)dx 

J D J D 



(6.13) 



and 



(a; • iy)di,Vjd^Uk+i-jds + / VvjVuk+i-jdx 

dD J D 

+ / [x ■V{uk+i-3)x,]vjx,dx ^ / Vj+i{x ■Vuk+i-j)dx 



D 



(6.14) 
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Adding the (fc + 1 - j)-th (pTT^ and the j-th together leads to 

(6.15) 



{x ■ v)dvViduUkds + (2 — rt) / VviVukdx 

dD Jd 

n 



vf^^dx+ I V2ix ■ 'S/uf^)dx, 



9+1 

/ (x • i')d^uid^Vkds + (2 — n) / VuiVufeda; 
JdD Jd 



n 



p+1 



uf^^dx + / U2{x ■ 'Vvk)dx, 
D Jd 



and 



/ (a; • v)di,VjduUu+i-]ds + (2 - n) / WvjS/uk+i-jdx 
JdD Jd 

Vj+i{x ■ Vuu+i-j) + Uk+2^j{x ■ Vvj)]dx. 



Summing j from 1 to fc, by (|6.15p , (|6.16p and (|6.17p we deduce that 

h — )dx + n 

P + 1 9+1 Jd 



n / (— - H ^—-)dx + n / } VjUk+2~jdx 

Jd 9+1 "'^^ 

+ (2 ~ n) VvjVuh+i^jdx 
Jd 

= / (x • i^) d^VjduUk+i-jds > 0. 



Similar to Proposition 16.21 it also follows 

uf^^dx = / vf'^^dx = / yvjVuk+i-jdx = / viUk+2-i 
D Jd Jd Jd 

ioT 1 < j < k and 2 < I < k. 

Combining two results above, we have 

Tl Tl 

+ n(k - 1) + (2 - n)k > 0, 



(6.16) 



(6.17) 



p+1 9+1 

which contradicts (|6.1ip . □ 
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